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This paper considers the case of students who attain the same level of
performance at the end of one course and yet reveal very different levels of
success on the course which follows. A comparison is made between two
students attaining a grade B in college algebra who perform differently in the
succeeding Pre-Calculus Course. Interviews reveal quite different cognitive
structures. The successful student had a variety of approaches to problems,
checking mechanisms, and an overall grasp of equations in one variable to
build up links as if it were a cognitive unit. The student who struggled had a
cognitive kit-bag of procedural techniques with no flexibility or checking
mechanisms. She relied on her calculator to help her over difficulties with
negative numbers and fractions. She had the same attainment but very
different potential to cope with the ensuing course.

I ntroduction

Examinations may fulfil a variety of purposes, including a summative assessment of
performance on the material studied, a diagnostic assessment of strengths and
weaknesses, and a predictive assessment of future potential. In practice, fina
examinations in a course are often summative in nature and may have little diagnostic or
predictive value. In this paper we consider the case of two students who attain the same
level in a summative examination at the end of a college algebra course and yet perform
very differently on the succeeding Pre-Calculus course, showing the weakness of
predictive value of the results. We seek an understanding of the phenomenon by using
diagnostic interviews to reveal the reasons for the gap between attainment and potential.

Crowley & Tall (1999) studied the diffuse cognitive structure of a student who was
less successful in a course studying straight-line equations. This paper will compare and
contrast the work of a similar student—who struggled with very straightforward algebra
concepts—with that of a student who attained the same grade and yet proved to be more
successful in the succeeding course. As the students attained the same grade, the
difference between them will be qualitative rather than quantitative.

Our thesisis that a successful student organizes his or her mathematics into a network
of connected cognitive units (Barnard & Tall, 1997) with flexible links. She or heis able
to move among the cognitive units amost subconsciously as needed to solve a
problem—the network structure contains (usually multiple) procedures toward a
solution, checking mechanisms, and links to a larger mathematical structure. Although



the two students have the same attainment, we seek qualitative factorsin their responses
which may explain the difference in future potential.

Studentswho attain the same level but have different potential

Nancy and Kathy both earned a“B” in college algebra, and both enrolled in pre-calculus
the following semester. Nancy had little difficulty in pre-calculus, but Kathy had a great
deal. Because it is a degree requirement, Kathy needed to pass the course; she dropped it
once, re-enrolled and eventually passed it, but with much hard work and a great deal of
anguish. Why do “so many of the population fail to understand what a small minority
regard as being almost trivially ssimple?’ (Gray & Tall, 1994). Why, as in this case, do
students with apparently similar attainment go on to perform so differently?

To seek insight into these questions, we will explore the cognitive structure
demonstrated by the two students working problems involving graphs of linear functions
from the first college algebra course.

The interview took place when the students were already studying pre-calculus, so it
would already show longer-term understanding rather than the knowledge the students
may have learnt at the time of the exam.

In separate interviews the first-named author asked each student to find the slope of
the line from the graph in Figure 1.

Nancy demonstrated a flexible, efficient solution process. She began by noting the
direction of slope:

Nancy: What is the slope on the graph here? It Brs
goes down. H—— a3
. ) I S N N W B

The conversation focused on the two displayed | | | | | ,“-,\ ,
points: [ I I B N

Nancy: Do you want me to solve it using the T T T &

points? e

Researcher: | don’t care how you solveiit. I I I S D A .3

Because you can just really look at it and Tttt

tell...It’sa negative 2 slope. e e e e \ -

So you did it by counting squares. "‘ NN

Yeah, just by looking at it. | mean, if thesquares |+ | 1 | 4 |

weren’'t there, | could do it by taking the two I I I A P I \‘ .

points and finding the slopelike I’ve done. I I -
Nancy's strategies are flexible (figure 2, _ _ e T
overleaf). She seeks to know if the teacher Figure 1: Find the slope of the line

wants a certain type of solution, and when encouraged to use a method of her choice, she
uses the direction of slope and counts along the sguares to “see” the slope. She explains
that she could also use two points and the formulafor the gradient if required to do so.



Figure 2: Nancy’s solution to slope of the line

Kathy’s solution is not so efficient. She fixes on the two marked points, reads them and
writes them down. (\ _‘>

Researcher: Can you find the slope of that line? \

Kathy: One, negative one, and negative one, three. (-l IBB

She then uses the formula, writing it down correctly,

but then works out the numerator by subtracting one 3_6| _ _7_,_._
from three, and silently writing —1 in the denominator. _\ ~ | = ..‘
Kathy: Shoot.
Eese?archer: (pointing at the left and right sides of the equation.) So how did you get from here to
ere:

By subtracting...you’ve got me all bamboozled. My handy-dandy calculator, | rely on that.
That would be four. [pointing at the numerator].

Kathy turnsto her calculator and calculates 3—- (1) as 4 and changes her answer:

Four over two? Does that look right?
| think it does, but | could be wrong. _é:.é_Q. - g

42

Well, you made a mistake, not avery big one... ‘\ - |
Onel can’t catch, though. It’ [l make mefeel really stupid later.

Researcher: (Encouraging.) I'm just trying to protect you from making a dumb mistake on your
exam! ... The denominator, what's minus one minus one?

Zexo.
No, it'snot.
Two, isthat it?
It's negative two, isn't it?
Y eah.
She completes the solution:



Kathy has great difficulty with negatives and fractions; she freezes when asked to
manipulate them without a calculator. When she has a calculator she uses it to do her
arithmetic and can then cope with simple calculations. Her solution process is
diagrammed in figure 3.

Figure 3: Kathy’ s solution to slope of line from graph

Nancy had flexibility; she could either read the slope off the graph, if that was easy, or
she could find the slope by identifying two points and using the slope formula. This
flexibility saved her a lot of effort on this particular problem. Kathy only evoked a
formula for the slope, which required two points. She was unable to link the slope to the
change in y over the change in x from the graph. This problem was, for her,
consequently much more complicated, ultimately involving computations with
negatives, which caused her much difficulty. She was also insecure when she finished
the problem; she aways checked with an authority figure—the instructor, the
interviewer, or the answers in the back of the book—for assurance that she had found
the correct answer.

In a second problem (figure 4) to write down the equation of a straight-line graph,
Nancy’s solution was not the most efficient. She was able to read off the slope, but then
used the point-slope formula to write the

equation, whereas it would have been more | | = | | | | A [ [ [ A
efficient to smply use the y-intercept from the |+ = | P I I I
graph.  Nevertheless, she demonstrated 171 ST T 1= T 17T
flexibility in finding the slope, and again in T11 :"’_:: T T
checking to ensure that the point shewasusing | | | | | | 2l |
in the formula was correct. An outline of her |+ | s Tt S
strategy isgivenin figure 5. Rt ol 5 i o 0 N [ i g i

Meanwhile, Kathy responds to the problem [T 777 :;1 HEEINEE
by reading off two points (1,2), (4,5), usingthe | | = | | a3 | L]
formulafor the gradient to find itis1,andthen | . . 1 | | le% | | | | | | |
the formula for a line through (1,2) with [+ 1715
gradient 1. She too makes an error, but makes |71 || 5

-1

Figure 4: Write the equation of the line.



no effort to correct it until sheis prompted by the researcher.

Figure 5: Nancy’ s solution to the problem in figure 4 Figure 6: Kathy’s solution

A third problem (figure 7) to find the equation of a straight-line graph has the same
format of problem 2 but the negative gradient from problem 1. Nancy again shows
flexibility, reading the slope m=—1 by inspection and then reading off the y-intercept b
numerically to give the equation in theform y = -1x + 1.
Kathy did not exhibit the same flexibility or checking mechanisms:

Three, negativetwo...l need to find another point...

That’sagood plan.

Four, negativethree...

What are you going to do now?
Find the slopefirst. Negativethree...

She uses the formula incorrectly ... ¥
Cc2)M,3) ’
-3-8) 2 14
—q-3
Y€ - (x-Y) <
91.5 = =¥ Y /| 6| 4 | 4 [ ]
Y=-r+ \ 2
Now wait aminute. Why did you...thisisright. 4
Why did you tell methat -3-2 is—1?
Wait, isit negative 5?
Y es, however, you made a mistake earlier. Where
you had —=3- 2, it's =3- (-2), isn't it? N

Figure 7: write the equation of thisline



Oh, yes.
So then what do you want up here?

Need to find slope,

First need to must have two points.

find the slope

Two p0| nts and Read di rectly +
the formula? from graph (3, —2) is marked,
find another

on graph: (4,-3).

not necessary Down 2, over 2. +
thedopeis—1
—=-2_d
¢ 4-37 1
--------- ~
y—(-2)=-1(x-3)
+2=-1x+1
T ly-@=-1x-4 |
--------- =
Figure 8: Nancy’ s solution to figure 7 Figure 9: Kathy’' s solution

That would be positive 5?

Isn’t minus a minus a plus?

Yes.

Minus three plus two is minus one.

Whichiswhat | got, | just didn’t have the negative sign.
(note: she had made canceling errors)

So you' ve got the slope, now what are we going to do?
Usethe...

What’ s the y-intercept on that line?

They-intercept?

Where does it cross the y-axis?

One, er, zero, one.

So you should get something x plus one, shouldn’t you?
Y eah.

In all three problems so far, Nancy demonstrated flexibility in choosing a route to a
solution, thus showing evidence of links between graphs, formulas, and other aspects of
a problem. She also routinely checked her work using alternative methods, another
indication of useful links. She found her own error in the second problem. Kathy on the
other hand had at most a single procedure in each case and was prone to make mistakes.

There were similar features elsewhere. For instance, two successive problems were as
follows:

Write the equation of the line through the points (1,—4) and (3,8)

and:
Isthe point (5,14) on the same line as (1,—4) and (3,8)?

Both students solved the first problem by finding the slope through the two points and
then substituted (3,8) to get y—3=6(x—-8) and simplified to obtain the equation



y =6x—10. Once again, without her calculator, Kathy made a mistake and needed to be
corrected. Both used the point (3,8) rather than (1,—4). When asked why, Nancy replied :

Because | don't like negatives... Less chance for messing up if you don’t use the negatives.
Kathy replied:
Becausethat had a negative. If it hasazeroin it, | chooseit.

In this way we see that both students avoided the use of negatives where possible.
However, Nancy coped with them and Kathy, without her calculator, was liable to error.
When shown the second question, neither initially saw the link to the previous
problem. The conversation with Nancy went as follows:
Nancy: So what you want to do is you want to find out the equation for thisand then put that
[(5,14)] into the equation ...
Researcher: Y ou've aready got this one (pointing to the previous question.)

Oh, it’sthe same one?
Shewrotey = 6x —10 and continued ...

That’sthe equation for that...So then maybe | could just find out the slope for thisand that...

¥ Gy ~10 G 6187

g-14 _—b _
23-5 -2

Thedopeis3. My dopeisdifferent, soit can’t be on the sameline.

With Kathy the conversation was more one-sided:

If you wanted to know if the point (5,14) is on the sameline as (1, -4) and (3,8).

...Slence...

Thisisthe same as those (points to the previous problem.)

...Slence...

How would you figure out if a point is on the same ling?

...Slence...

| don’t remember...

Okay. That's okay.
In this problem we see Nancy does not always make the necessary links between
information. However, with a little prompt, she followed the problem straight through,
not by substituting the coordinates into the equation to see if the point lay on the line,
but insightfully by comparing the gradients of two lines to show they are not the same.
Kathy was unable to cope.

Summary

In al the questions considered there is a broad common thread. Nancy demonstrated
links between graphical and symbolic representations, as well as links to and between
procedures. Although she made mistakes, she had methods of checking and self-



correcting. She did not always make the necessary connections and had some fears about
negative numbers, but was broadly successful. Kathy obtained the same grade on her
examination but merely learned a set of procedures and had difficulties with negative
numbers and fractions that she coped with in routine questions by using her calculator.
The procedures she has learned have allowed some success, but she must work very
hard, and the procedures are not organized in a useful way that will allow her to build on
them in the subsequent pre-calculus course.

This data revedled fits with a range of theories in mathematics education. For
instance, the work of Krutetskii (1976) specifies clearly that the more successful
students work with ‘curtailed solutions’, and are able to ‘switch easily to another
solution method’, while less successful students ‘tend to remember only specific details'.

The performances of Nancy and Kathy may also be considered in terms of the SOLO
Taxonomy, in particular the concrete symbolic mode with its cycle of uni-structural,
multi-structural, relational, extended abstract. Kathy reveals a uni-structural response in
many of these problems. Taken together with her other knowledge of equations, she has,
at most, a multi-structural level consisting of her cognitive kit-bag of little related
procedures. Nancy, on the other hand is more relational in her treatment of solution
processes, moving towards an extended abstract level where she is beginning to treat the
whole straight-line/linear relationship schema as a coherent cognitive unit. However,
when Kathy uses a calculator to carry out her arithmetic, she can cope better with
negatives and fractions. As a result she can pull up her level of performance so that, in
the end, both she and Nancy attain the same grade B. But in the subsequent course,
Nancy succeeds first time and Kathy has great difficulty in passing at the second
attempt.

References

Barnard, T. & Tall, D. O. (1997). Cognitive Units, Connections, and Mathematical Proof. In E.
Pehkonen, (Ed.), Proceedings of the 21% Annual Conference for the Psychology of Mathematics
Education, Vol. 2. Lahti, Finland, 41-48.

Biggs, J.B. & Callis, K.F. (1982), Evaluating the Quality of Learning: the SOLO Taxonomy. New Y ork,
NY: Academic Press.

Crowley, L. R. F., & Tdl, D. O. (1999). The Roles of Cognitive Units, Connections and Proceduresin
achieving Goalsin College Algebra. In Zaslavsky, O. (Ed.), Proceedings of the 23" Conference
for the Psychology of Mathematics Education, Vol. 2 (pp. 225-232). Haifa, Isradl.

Gray, E. M. & Tall, D. O., 1994, Duality, ambiguity and flexibility: a“proceptual” view of simple
arithmetic, Journal of Research in Mathematics Education, Vol. 25, No. 2, 116-140.

Hiebert, J. & Carpenter, T. P. (1992), Learning and Teaching with Understanding. In D. Grouws (Ed.),
Handbook of Research on Mathematics Teaching and Learning (pp. 65-97), MacMillan, NY.

Krutetskii, V.A. (1976). The Psychology of Mathematical Abilitiesin Schoolchildren, trandated from
the Russian by Joan Teller, edited by Jeremy Kilpatrick and Izaak Wirszup. Chicago, IL:
University of Chicago Press.

Kuchemann, D. (1981). Algebra. In K. M. Hart (Ed.), Children’s Understanding of Mathematics: 11-16,
pp. 102-119, London: John Murray.

Skemp, R. R. (1979). Intelligence, Learning, and Action. New Y ork: John Wiley & Sons.

Thurston, W. (1990). Mathematical education. Notices, American Mathematical Society, 37, 844-850.



